Mathematical Tutorials in Introductory Physics by Steinberg, Richard N. et al.
Published in The Changing Role Of Physics Departments In Modern University, p. 1
AIP Conference Proceedings 399 (AIP, 1997) 1075-1092.
MATHEMATICAL TUTORIALS
IN INTRODUCTORY PHYSICS
Richard N. Steinberg, Michael C. Wittmann, and Edward F. Redish
Department of Physics, University of Maryland, College Park, MD 20742-4111
Students in introductory calculus-based physics not only have difficulty understanding the fundamental
physical concepts, they often have difficulty relating those concepts to the mathematics they have learned
in math courses.  This produces a barrier to their robust use of concepts in complex problem solving.  As a
part of the Activity-Based Physics project, we are carrying out research on these difficulties and are
developing instructional materials in the tutorial framework developed at the University of Washington by
Lillian C. McDermott and her collaborators.  In this paper, we present a discussion of student difficulties
and the development of a mathematical tutorial on the subject of pulses moving on strings.
INTRODUCTION
Students in introductory calculus-based physics are well-known to have difficulty in
developing a good understanding of fundamental physical concepts.1  But our observations
show that even when instruction is modified in a way that improves students’ understanding
of concepts, they often have difficulty in applying those concepts in the context of complex
problem solving.  One reason for this seems to be that students often have difficulty in linking
the relevant mathematical equations and methods to those concepts.2
As a part of the Activity-Based Physics project,3 we are developing a series of
instructional materials in introductory physics to address these problems.  We call these
materials Mathematical Tutorials.  These tutorials are intended as a supplement to  Tutorials
in Introductory Physics, a research and curriculum development project by Lillian C.
McDermott and the Physics Education Group at the University of Washington.4,5,6  (The
University of Maryland is a test site for this NSF project.7)  Tutorials are a set of instructional
materials intended to supplement the lectures and textbook of a standard physics course.
They are developed in a tight cycle with instruction and physics education research that
results in materials that deal effectively with specific student difficulties.
The context for both the research and curriculum development described in this paper is
the introductory calculus-based physics course at the University of Maryland.  This is a three
semester sequence with three hours of lecture and one hour of either recitations or tutorials
each week.  Calculus II is a co-requisite for the first course in the sequence, but many students
are even further along in their math courses and many of them are doing quite well in them.
A sample set of instructional materials is included in the appendices.  In the rest of this
paper, we give an overview of tutorials and describe the development of a mathematical
tutorial.
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TUTORIALS
The components of the tutorials are a 10-minute ungraded pretest, a 50-minute tutorial
session, and a tutorial homework assignment.  The pretest asks qualitative conceptual
questions about the subject to be covered in the subsequent tutorial.  Its purpose is to help
both the student and the instructor recognize gaps in the student’s understanding.  It is usually
given after lectures and readings on the subject, but before the tutorial.  In the tutorial
sessions, students work in groups of three or four and answer questions on a worksheet that
guides them through building qualitative reasoning on fundamental concepts.  Teaching
assistants serve as facilitators, asking questions that help the students work through
difficulties in their own thinking.  On the homework assignment, students apply the ideas
covered in the tutorial session and continue to reason qualitatively and explain their
reasoning.  For a detailed description of tutorials and their development at the University of
Washington, see refs. 5 and 6.  For a description of the implementation and success of
tutorials at the University of Maryland, see ref. 7.
It has been the experience of both the University of Washington group and our group that
it is crucial to support the tutorial project by conducting a weekly training session.  All tutorial
instructors complete the same pretest and tutorials as the students.  They read and discuss
student responses to the pretest.  Issues of content, pedagogy, and instructional strategies are
all considered in the context of actually doing a tutorial.  Both groups have also found that it
is essential to ask a question emphasizing material from tutorials on each examination.  For
the students, this highlights the importance of the kinds of skills developed in the tutorials.
For the instructors, it provides continuing feedback regarding student understanding of the
subject matter.
DEVELOPMENT OF A MATHEMATICAL TUTORIAL
It has been shown that students at many levels have difficulties understanding
fundamental concepts of mathematics.8,9  In our investigations of student difficulties with
mathematics in introductory physics, we have found that there are a number of fundamental
ideas covered in math classes that many students are consistently unable to apply in physics.
We are developing a series of tutorials based on this research that focus on these difficulties.
As an example, we present the research and curriculum development in the context of
mechanical waves.
Student Difficulties With Mathematics
When Learning Mechanical Waves
The subject of mechanical waves is one of considerable importance in the introductory
calculus-based physics course.  It is the student's first introduction to wave theory, a subject
which will recur in many contexts including physical optics, acoustics, and quantum
mechanics.  Furthermore, it is the student's first experience with trying to interpret the
mathematics of a function of two independent variables, and this leads to a number of
possibilities for confusion and misinterpretation.
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We have obtained information on student difficulties with mathematics through a variety
of methods.  Interaction with students in classroom and informal settings as well as analysis
of examination problems provided preliminary insights.  This was followed by an iterative
development, administration, and analysis of pretests, examination questions, and videotaped
individual demonstration interviews.  The interviews entailed asking students to make
predictions and give explanations about simple physical situations shown to them.  They
ranged in length from 40 minutes to one hour.  All interviews described in this paper were
conducted after instruction in the topics included in the interview.  The students interviewed
were volunteers generally performing above the mean of the class.  Although we focus on
mechanical waves, the results described in this section are indicative of student difficulties we
have seen in many domains.
After traditional instruction on mechanical waves, we administered the question shown in
Fig. 1 as both an interview protocol (N=9) and as part of a pretest (N=57).  The interview
students were from a different lecture class than the students who took the pretest.
What we considered to be a correct response was to show the pulse displaced an amount
x0 and the amplitude unchanged, as shown in Fig. 2a.  This answer was given by 44% of the
students who were interviewed and 56% of the students who took the pretest.  Most of the rest
of the students (56% of the interview-students and 35% of the pretest-students) drew a pulse
displaced an amount x0 but the amplitude decreased, as shown in Fig. 2b.  On the surface this
appears to be a reasonable response in that it is consistent with what would actually happen as
a result of the physical phenomena (not mentioned in the problem) of friction with the
imbedding medium and internal dissipation.  However the explanations given by students
suggest that they are not adding to the physics of the problem but are misinterpreting the
Consider a pulse propagating along a long taut string in the + x-direction.
The diagram below shows the shape of the pulse at t = 0 sec.  Suppose the
displacement of the string at this time at various values of x is given by
( )
y x Ae
x
b( ) =
-
2
A.  On the diagram above, sketch the shape of the string after it has
traveled a distance x0, where x0 is shown in the figure.  Explain why you
sketched the shape as you did.
B.  For the instant of time that you have sketched, find the displacement
of the string as a function of x.  Explain how you determined your answer.
FIGURE 1.  Problem used to probe student difficulties
with mathematics in the context of mechanical waves.
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‘‘Since e is raised to a negative
power . . . it’s going to reduce the
amplitude as x increases.’’
(b)
(a)
FIGURE 2.  (a) A correct sketch of the shape of the pulse at a later time, showing the amplitude
unchanged, (b) An apparently correct sketch of the shape of the pulse show-ing the amplitude
decreased - but typically accompanied by incorrect reasoning.
mathematics.  All of the interview students and many of the pretest students cited the equation
describing the shape of the string at t =0 as the reason for the decrease in the amplitude.10  As
one interviewed student said:
“Since e is raised to a negative power . . . it’s going to reduce the
amplitude as x increases.”
Unfortunately, the exponential given in this problem represents a decrease in y in space (at t=-
0) not time.  These students are failing to recognize that x corresponds to a variable which
maps one of the dimensions of the problem, not the location of the peak of the pulse.  Without
this recognition, a functional understanding of the mathematics of this problem seems
unlikely.
Part B of this problem asked about the mathematical form of the string at a later time.  We
considered any answer that replaced x with x-x0 to be correct.  However, none of the interview
students and fewer than 10% of the pretest students answered this way (see Table 1).  The
most common incorrect response was to simply substitute x0 for x in the given equation.  We
refer to this response as a “non-function.”11  It was given by 67% of the interview students
and 44% of the pretest students.  All students drew a string with different values of y at
different values of x, yet many of them wrote an equation for that shape with no x
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dependence.  Again this answer is suggestive of misinterpreting x as described above.  There
were other students who wrote a sinusoidal dependence for y, again in conflict with what they
drew for the shape of the string.12  Many students seemed to be answering the mathematical
part of this problem independently of the way they were answering the physical part.
The difficulties described in this section include students failing to recognize the
relationship between the physical situation and the associated equation, failing to understand
the meaning of a function, and failing to treat a coordinate axis as a mapping of a dimension.
Note that these results occurred after instruction which both included lectures addressing the
problem and readings of a standard text.  We have seen similar difficulties in other domains
and have been developing mathematical tutorials to address these difficulties as part of the
Activities-Based Physics project.
Overview of a Tutorial: Mathematical description of pulses
The tutorial process begins with students working independently on pretests.  The pretest
for this tutorial is based on the problem shown in Fig. 1 and is given in its entirety in
Appendix A.  In taking the pretest, students are forced to think through the problem on their
own, commit to an answer, and articulate that answer in writing.  As suggested in the previous
section, the problem is both challenging and relevant.
In tutorial, groups of three or four students work through guided worksheets.  The
worksheet for this tutorial is included in Appendix B.  Students begin by considering the
mathematical form of a pulse at t=0.  In order to minimize the confusion related to the
exponential, we begin this tutorial with the equation:
 ( )
y x
cm
x
b
( ) =
+
50
1
2
(1)
Table 1.   Student responses to give an equation describing the shape of the pulse
example(s)
% of interview
respondents
(N=9)
% of pretest
respondents
(N=57)
correct response
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where b=20 cm.  In order to help students develop a functional understanding of a function,
they explicitly graph the shape of the string based on the equation representing its shape.
They then sketch the shape the string would have after the pulse traveled some distance
without dissipation, and are guided into constructing the mathematical form.  In this way,
students not only construct the shape of the string from an equation, they construct an
equation from the shape of a string.  After considering the functional form of the pulse at two
different times, the students are given the opportunity to construct a single equation that
describes the pulse as a function of both position and time.  The key here is that it is the
students that are constructing this equation based on their own work and on consideration of a
specific physical system.
In the next part of the tutorial, students apply and interpret the ideas that they developed
by considering the motion of a tagged part of the string.  Here they extract useful information
about the motion of the tag by interpreting the mathematics of the problem.
In the third part of the tutorial, students consider a pulse of a slightly different shape
propagating on a string.  In particular, they consider a pulse represented at t=0 by the same
equation considered in the pretest:
( )y x Ae xb( ) = -
2
(2)
Students again are asked to construct an equation that describes the displacement of the string
as a function of position and time.  This time, students are not guided to this answer.  Instead,
students are forced to generalize their results from earlier in the tutorial and, when
appropriate, resolve the conflict with their answers on the pretest.
In the previous section, we described student difficulties relating the physical situation and
the corresponding equation.  Because of these difficulties, in the last part of the tutorial
students use video software to mathematically model the shape of an actual pulse.  As part of
this, they explore the physical significance of the parameters A and b in equation (2).
The homework which accompanies this tutorial is given in Appendix C.  Students apply
the ideas covered in the tutorial while considering pulses of different shapes moving in
different directions.  They consider the shape of the pulses at different times physically and
mathematically.  They also consider the motion of the tagged part of the string in different
situations.
MATHEMATICAL TUTORIALS IN
INTRODUCTORY PHYSICS
In addition to Mathematical Description of Pulses, we are developing several other
mathematical tutorials throughout the entire three semester sequence.  This gives students
repeated opportunities to understand fundamental mathematical issues, such as those
described in this paper.  These tutorials have several common features.  They address
difficulties students have with understanding and applying mathematical ideas when learning
introductory physics.  They are developed within the tutorial framework and philosophy
described in this paper and refs. 4-6.  They are all based on the results of physics education
research.  The mathematical tutorials do not merely hone student skills with the mathematics,
they do so in the context of students interpreting the fundamental physics concepts which they
are currently learning.  In addition, the mathematical tutorials enable us to include
components in the other tutorials which build on ideas such as those described in this paper.
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CONCLUSION
In this paper, we have described how we investigate student difficulties with mathematics
and use the results of this research as a guide to curriculum development.  In the tutorial
format that we employ, the curriculum is developed with awareness of student difficulties.
The activities are designed so that the students are engaged and responsible for their own
construction of ideas.  It is our belief that learning is enhanced in this type of setting.
We are currently using the curriculum described in this paper in the introductory calculus-
based physics course at the University of Maryland.  In addition to carrying out preliminary
studies on the effectiveness of our materials, we are continuing to investigate the nature of
student difficulties with the subject matter, including in courses using tutorials.  The results of
this continued research feeds back into the curriculum development as part of an iterative
process of research, curriculum development, and instruction.
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